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We compute the transgressed forms of some modularly invariant character- 
istic forms, which are related to the twisted eUiptic genera. We study the mod- 
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1 Introduction 

In 1983, the physicists Alvarez-Gaume and Witten [AW] discovered the "miraculous 
cancellation" formula for gravitational anomaly which reveals a beautiful relation be- 
tween the top components of the Hirzebruch L-form and j4-form of a 12-dimensional 
smooth Riemannian manifold. Kefeng Liu [Li] established higher dimensional "mirac- 
ulous cancellation" formulas for (8/c-|-4)-dimensional Riemannian manifolds by devel- 
oping modular invariance properties of characteristic forms. These formulas could be 
used to deduce some divisibility results. In [HZl], [HZ2], for each (8A;-|-4)-dimensional 
smooth Riemannian manifold, a more general cancellation formula that involves a 
complex line bundle was established. This formula was applied to spin'^ manifolds, 
then an analytic Ochanine congruence formula was derived. For (8A:-|-2) and (8A;-|-6)- 
dimensional smooth Riemannian manifolds, F. Han and X. Huang [HH] obtained some 
cancellation formulas. 

On the other hand, motivated by the Chern-Simons theory, in [CH], Qingtao Chen 
and Fei Han computed the transgressed forms of some modularly invariant charac- 
teristic forms, which are related to the elliptic genera. They studied the modularity 
properties of these secondary characteristic forms and relations among them. They 
also got an anomaly cancellation formula for 11-dimensional manifold. Thus a nature 
question is to get some twisted modular forms by transgression and some twisted 
anomaly cancellation formulas for odd dimensional manifolds. In this paper, we com- 
pute the transgressed forms of some modularly invariant characteristic forms, which 
are related to the "twisted" elliptic genera. We study the modularity properties of 
these secondary characteristic forms and relations among them. We also get some 



twisted anomaly cancellation formulas on some odd dimensional manifolds. We hope 
that these new geometric invariants of connections with modularity properties ob- 
tained here could be applied somewhere. 

This paper is organized as follows: In Section 2, we review some knowledge on 
characteristic forms and modular forms that we are going to use. In Section 3, for 
{4k — 1) dimensional manifolds, we apply the Chern-Simons transgression to charac- 
teristic forms with modularity properties which arc related to the "twisted" elliptic 
genera and obtain some interesting secondary characteristic forms with modularity 
properties. We also get two twisted cancellation formulas for 11-dimensional mani- 
folds. In Section 4, for (4A; -|- 1) dimensional manifolds, by transgression, we again 
obtain some interesting secondary characteristic forms with modularity properties. 
As a corollary, we get a twisted cancellation formula for 9-dimensional manifolds. 



2 characteristic forms and modular forms 



The purpose of this section is to review the necessary knowledge on characteristic 
forms and modular forms that we are going to use. 

2.1 characteristic forms. Let M be a Ricmannian manifold. Let V'^'^ be the 
associated Levi-Civita connection on TM and B?"^ = (V"^*^)^ be the curvature of 
V™. Let A(rM,V^^'^) and L{TM,V'^^) be the Hirzebruch characteristic forms 
defined respectively by (cf. [Z]) 



l(rM,V™) =det5 



\jlTM 



L{TM, V^^) = dett 



2tt 



tanh(^i2™). 



(2.1) 



Let E, F be two Hermitian vector bundles over M carrying Hermitian connection 
yS^yF respectively. Let = (V^)^ (resp. R^ = (V^)^) be the curvature of 
(resp. V^). If we set the formal difference G = E — F, then G carries an 
induced Hermitian connection in an obvious sense. We define the associated 
Chern character form as 



ch(G, V^) = tr 



exp(- 



-1 



2n 



-R' 



tr 



exp(- 



-1 



27r 



-R' 



(2.2) 



For any complex number t, let 

At{E) = C\M+tE + t'^ (E) 



, St{E) = C\M + tE + t'S\E) + 



denote respectively the total exterior and symmetric powers of E, which live in 
iC(M)[[i]]. The following relations between these operations hold. 



St{E) = 



1 



^-t{Ey 



At {E-F) = 



ME) 



(2.3) 



2 



Moreover, if {ui},{ujj} are formal Chern roots for Hermitian vector bundles E,F 
respectively, then 

ch{At{E)) = Y[{l + e^H). (2.4) 

i 

Then we have the following formulas for Chern character forms. 

If is a real Euclidean vector bundle over M carrying a Euclidean connection 
V^, then its complexification Wq = (8) C is a complex vector bundle over M car- 
rying a canonical induced Hermitian metric from that of W, as well as a Hermitian 
connection \7^c induced from V^. If is a vector bundle (complex or real) over 
M, set ^ = £; - diuiE in K{M) or KO{M). 

2.2 Some properties about the Jacobi theta functions and modular forms 

We first recall the four Jacobi theta functions are defined as follows( cf. [Ch]): 

oo 

e{v,T) = 2gisin(7r?;) [][(1 - q^){l - e^'^^^g^Kl - e'^^'^^q^)], (2.6) 

oo 

ei{v,T) = 2gicos(7ri;) [][(! - + e'^^\^)il + e-^-^^g^)], (2.7) 

i=i 

oo 

e2{v,T) = Y[[{1- q^il - e^^'^y^-^Xl - e-^^^'^g^-i)], (2.8) 
i=i 

oo 

Hv,r) = n[(l - 9')(1 + e''^^^g^-^)(l + e-2^^^g^-5)], (2.9) 

i=i 

where q = e^'^^/"^'^ with r € H, the upper half complex plane. Let 

^'(0,r) = ^|..o. (2.10) 
Then the following Jacobi identity (cf. [Ch]) holds, 

e'{0,r) = 7r0i(O,r)^2(O,r)03(O,r). (2.11) 

Denote SL2{Zi) ~ | ^ " ^ ^ | a, 6, c, d G Z, ad — 6c = l| the modular group. Let 

5=^1^ ^ ^ , T = ^ ^ 1^^^ generators of SL2{Z). They act on 

H by St = Tt = t + 1. One has the following transformation laws of theta 
functions under the actions of S and T (cf. [Ch]): 

e{v,T + 1) = e'^e{v,T), e{v,~) = (-^) " e-^-^'e{TV,T); (2.12) 
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ei{v,T + i) = e^ei{v,T), ei{v,~) = [-^\''^^^''^e2{Tv,T)- (2.13) 

e2{v,T + 1) = e^{v,T), e2iv, ~) = ' e-^-'ei(ri;,r); (2.14) 

9s{v,T + l) = e2{v,T), Osiv,-^) = (^-^y e^^'^''"es{TV,T). (2.15) 
Differentiating the above transformation formulas, we get that 

e'{v,T + i) = e^e'{v,T), 



e[{v,T + l) = e^9[iv,T), 

1 

= (^) ' e^^'-'^\27rV^TVe2{TV,T)+Te'2{TV,T)y, 

e'^{v,T + i) = e'^{v,T), 
e's{v,T + i) = e'^{v,T), 

O'siv,—) = (^) ' e-^--\27rV^Tve3{TV,r)+Te'^{TV,T)) (2.16) 



Therefore 



r V-1 VV-1 



1 



^'(0, --) = ^ f-^) ' TO'iO, r). (2.17) 



Definition 2.1 A modular form over F, a subgroup of S'L2(Z), is a holomorphic 

function /(r) on H such that 

^^^^^ ^ (^) = ^^^^^'^ + = ( r d ) ^ ^^-^^^ 

where % : F — C* is a character of F. A; is called the weight of /. 
Let 

^°^2^ = {(r ^) eSL2(Z)|c^0(mod2)|, 
^°^2^ = {(r ^) e5L2(Z)|6^0(mod2)|, 
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be the three modular subgroups of SL'2{'L). It is known that the generators of ro(2) 
are T, ST^ST, the generators of r0(2) are STS, T^STS and the generators of 
are S, (cf.[Ch]). 

If r is a modular subgroup, let A^R,(r) denote the ring of modular forms over 
r with real Fourier coefficients. Writing 9j = 9j{0,T), 1 < j < 3, we introduce six 
explicit modular forms (of. [Li]), 

Si{r) = l{0l + el), e,{r) = ^elei 

They have the following Fourier expansions in : 

<5i(r) = ^ + 6g + ---, £i{T) = ^-q + ---, 

S2{r) = ~-Sq^ + ■■■, £2(r) =g^ +•••, 

^3(t) =-^+3g5 +..., £3(T-) = -gl+..., 

where the " • • • " terms are the higher degree terms, all of which have integral coeffi- 
cients. They also satisfy the transformation laws, 

^2(--) = r^S,{T), £2(--) = r^ei(r), (2.19) 
r r 

52{t + 1) = Ss{t), S2{r + 1) = £3(r). (2.20) 

Lemma 2.2 ([Li]) Si{t) (resp. £i{t)) is a modular form of weight 2 (resp. 4) over 
ro(2), S2{t) (resp. £2{t)) is a modular form of weight 2 (resp. A) over T^{2), while 
Ss^t) (resp. £3{t)) is a m,odular form of weight 2 (resp. 4) over rQ{2) and moreover 

MR{r^{2))=K[62{T),62{r)]. 



3 Transgressed forms and modularities on 4/c — 1 dimen- 
sional manifolds 

Let M be a 4fe — 1 dimensional Riemannian manifold and ^ be a rank two real 
oriented Euclidean vector bundle over M carrying with a Euclidean connection V^. 
Set 

OD oo OO OO 

@i{TcM,^c) = V(r^)®(8) N'"(^cM-2^)®(g)A^_i (e^)®(g)A_^^^ 
n=l m=l r=l s=l 
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e2(TcM,fc) = (g) V(^cM)®(g) A_^_i(rcM-2fo)0(g)A^_i(ec)®(8)A,.(fo), 
n=l m=l r=l s=l 



oo oo oo oo 

n=l m=l r=l 6=1 

(3.1) 

Let c = e(^, V^) be the Euler form of ^ canonically associated to V^. Set 



2 



cosh^d) 



$iy(V™,V^r) = I(TM, V™)cosh(^)ch(e2(TcM,^c), V®2(^^^'«^)), 

$V(V™, r) = 1(TM, V™)cosh(|)ch(e3(TcM, ^c), V®3(^cM,€c)). (3.2) 

Let {±27rv^a;j| 1 < j < 2fe - 1} and {±2^^^/^u} be the Chern roots of TcM and 
respectively and c = 27r\/^'u. Through direct computations, we get (cf. [HZ2]) 



(3.3) 

.^TM^. . g^(0,r)g2(x,-,r) \ gi(0,r)g3(u,r)gi(n,r) , 

, TM V? ,^ - (^Wr ^^(0^^) ^3(x„r) \ gi(0,r) gi(n,T) g2(n,r) 
^^^^ l^,ir^'^(x„r) ^3(0, r) j ei(.,r)ei(0,r) O^i^^rY ^^'^^ 

Consider the foUowing function defined on C x H, 

9'(0,r) ^i(z,r) 



/*i(^,T) = 2- 



^(z,r) ^i(0,r)' 

g^(0,r) e2{z,T) 
e{z,T) ^2(0, r)' 

^'(0,r) 03(^,r) 



e{z,T) ^3(0, r)- 

Applying the Chern- Weil theory, we can express $1,, <I>iy, as follows: 



$.(V^^, V^r) = v^^'^-^det^ (/^^(^'-)) det^ 



Ol{§^.r) ^3(0,r) e2(0,r) 

(3.6) 



$w^(V™, V«,r) = det^ /^^( r) det^ 



^™ .1 / ^i(0,r) ^3(|^,r)^i(|^,r) 



47r2 ' 7 Ui(f^,^) ^3(0, r) ^1(0, r) 



(3.7) 
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TM 



(0,r) 



r) 02{ 



t ) 



di{0,T) ^2(0, r) 



(3.8) 

Let E he & vector bundle and / be a power series with constant term 1. Let \/f be 
deformed connection given by Vf = (1 - t)Vf + tVf and i^f , t € [0, 1], denote the 
curvature of Vf . f'{t) is the power series obtained from the derivative of f{x) with 
respect to x. a; is a closed form. Recall the trivial modification of Theorem 2.2 in [CH], 



Lemma 3.1( [CH]) 

det^(/(i?f ))a; - det^(/(i?f ))c^ = d [' ^det^ (/(i?f ))a;tr 

Jo 2, 



Now we let E = TM and A = Vf ^ 
$L(V™,V^r)-$i(V™,V^r) 



^0 ' 



dt f{Rf) 
then by Lemma 3.1, we have 



dt. (3.9) 



We define 

OS*i(Vj",Vl'«,V«,T) 



A 



RJM 

1^ 



A 



1^ 



nTM 
nTM 



r>TM 



+ 



dTM 
nTM 



fjTM 



dt. (3.10) 



dt. (3.11) 



which is in n°'^^{M, C)[[g5]]. Since M is 4k-l dimensional, {CS$l(V^^, Vf ^, r)}^^*^-^) 
represents an element in H^''^^{M,C)[[q'2]]. Similarly, we can compute the trans- 
gressed forms for ^'yy respectively and define 
CS*iK(VS'",vP',v!,T) 



OS*'„(V™,V™,Vf,r) 



yl 



1^ 



nTM ' 



nTM 

^2(%^,r), 



dt; (3.12) 



A 



1 , ^3(S>^) 



1^ 



1^ 

nTM 



+ 



47?" 

nTM 



dt, (3.13) 



which also lie in r2°'^'^(M, C)[[g2]] and their top components represent elements in 
H'^'^~^{M,C)[[q^]]. As pointed in [CH], the equality (3.10) and the modular invari- 
ance properties of $l(V™, V^, r) and V^, r) are not enough to guarantee 

that CS'$l(Vo^^, V^^^, V^, r) is a modular form. However we have the following 
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results. 



Theorem 3.2 Let M be a 4k — 1 dimensional manifold and Vq"*^, V^*^ be two 
connections on TM and be a two dimensional oriented Euclidean real vector bundle 
with a Euclidean connection V^, then we have 

1) {CS$L(V^^,V]'^,V«,r)}(4'=-i) is a modular form of weight 2k overVQ{2); 
{CS'$ty(V^*^,Vf^,V^r)}(4fc-i) is a modular form of weight 2k over r0(2); 
{CS^'^iV^^ M,t)}^^''~^^ is a modular form of weight 2k o^;er r0(2). 

2) The following equalities hold, 

r 

CS<fw{Vr, V™, V«, r + 1) = C5$W(Vr, V™, r). 
Proof. By (2.12)-(2.17), we have 

g-(0,-i)g,(.,-i) e\0,r)e,{rz,r) _ 

z e{z,-^)^ ei{z,-^) [rz eiTz,r)^ e2{Tz,T)J' 



e2(0,-i)e3(K,-i)^2(«,-i) _ eliO,T) es{TU,T)9liuT,T) 



2(^,-1)^3(0,-^)^2(0,-1) 0|(™,r) 03(O,r) ^i(0,t) 



(3.16) 



Note that we only take (4A; - l)-component, so by (3.6)-(3.8),(3.11), (3.12), (3.14)- 
(3.16), we can get 

{C5$i,(V™,V™,V«,-^)}(^'=-i) = (2T)2'={C5$ty(V™,V™,V«,T)}(^'=-i), 

(3.17) 

Similarly we can show that 

C5$i(V™, V™, V€, r + 1) = CS^Li^r, Vf ^, r), 
{C5$w^(V™,V™,V^--)}(^^-i) = (J)2^{C5<I>z.(V™,Vr^V«,r)}(4'=-i), 

C5$^(V™, V™, V«, r + 1) = C5$V(Vr, V™, r), 
{CS$V(Vr,V™,V«,-i)}(^^-i) = (r)2'={CS$V(Vr,V™,V«,r)}(^^-i), 

T 

C5$W(Vr,V™,V«,r + l) = CS$H.(V™,V™,V^r). (3.18) 

From (3.17) and (3.18), we can get {CS'$L(Vjf^^, V«. r)}('^'^-i) is a modular 

form of weight 2k over ro(2). Similarly we can prove that {C5ci,^^(v™, Vf ^, V«, r)}(4'=-i) 
is a modular form of weight 2k over r0(2) and {C5$'^(V^^, ^, r)}^'''^-^) is 
a modular form of weight 2k over Tg{2). □ 
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Let M be a compact oriented smooth 3-dimensional manifold, then our trans- 
gressed forms are same as transgressed forms in the untwisted case which have been 
computed in [CH]. From Theorem 3.2, we can imply some twisted cancellation for- 
mulas for odd dimensional manifolds. For example, let M be 11 dimensional and 
k = 3. We have that {(^^^^(V^*^, Vf*^, V«, r)}(^^) is a modular form of weight 6 
over ro(2), {C5$w'(V^^, Vf^, V^, r)}(^^) is a modular form of weight 6 over r°(2) 
and 

{C5$i(V™,V™,V^--)}(^i) = (2T)6{C5$,K(V™,V™,V^r)}("). 



By Lemma 2.2, we have 

and by (2.19) and Theorem 3.2, 

{C5$z.(V™, V™, V^, r)}(ii) = 26[zo(8^i)3 + (85i)ei]. 
By comparing the g 2 -expansion coefficients in (3.19), we get 



zo = -l £ A{TM, V™)cosh(|)tr 



A 



Svrtan 



A{TM, Vt'"^)cosh(-) ( ch(rcM, Vf'^^) - 3(e" + e"^ - 2 
2 V 



4-K 



(11) 



dt 



(3.19) 

(3.20) 

(3.21) 



)) 



xtr 



A 



9 rTM „ rTM 



An 



dt + 



A{TM, 

Jo 



V,^-)cosh(-)tr 



1 i?^^^ 
A I -— sin^ — + 61 , ^ 

27r Att \ 2E^'^ 



87rtan 



4-K . 



(11) 



dt 



(3.22) 

Plugging (3.21) and (3.22) into (3.20) and comparing the constant terms of both 
sides, we obtain that 



V2L{TM, V 
cosh^l 



TM\ 



-tr 



A 



2_R™ 47rsin^ 



27r 



(11) 



23(2^^0 + ^1), 



so we have the following 11-dimensional analogue of the twisted miraculous cancella- 
tion formula. 



Corollary 3.3 The following equality holds 



L 



1 V2L{TM,V™] 
cosh^l 



tr 



A 



2i?r^ 4.sinC^ 



(11) 
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8 A{TM, Vf^Ocosh(|) (ch{TcM, V^^^) - 3(e^ + e'" - 2 



xtr 



A(TM, Vf^)cosh(-)tr 
2 



STTtan^^ 



(it + 



1 . i? 



TM 



A sin 



2n 2n 



\ (11) 
dt I 

(3.23) 



Next we consider the transgression of $z,(V'^''^, V^, r), $iy(V'^''^, V^, r), 
^'^/{V'^^ ,V^,t) about V^. Let V^, Vq be two Euclidean connections on ^ and 
B = V\~VI. By (3.6)-(3.9), we have 
<i>L(V™,vir)-$i(V™,V«,r) 



^./;..(V™,Vf,.)tr 



5 



^2(^,r) ^3(£fe,r) ^i(^,r) 



dt. 

(3.24) 



We define 



^/;..(V™,Vf,.)tr 



^2(S,r) 03(S,r) 0i(S,r) 



+ 



^ 47r ' 



2__L_v47rf 



(3.25) 



which is in n°'^'^{M, C)[[^^]]. Since M is 4k-l dimensional, {CS'$l(V^^^ V^, vf , r)}(^'=-^) 
represents an element in H'^^~^{M,C)[[q^]]. Similarly, we can compute the trans- 
gressed forms for respectively and define 
CS3.,r(V™,V«,vf,T) 



CS*'^(V™,vivi,T) 



5 



^,^(|i,r)^^^;(|i,r) 





+ 



^2(S,r) 0i(|^„r) 03(S,r) 



-2- 



dt, 



(3.26) 



which also lie in r2°'^'^(M, C)[[(j'2]] and their top components represent elements in 
ii"4'=-i(M,C)[[g5]]. Similarly we have 
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Theorem 3.4 Let M be a 4k — 1 dimensional manifold and V"^^ be a connection 
on TM and ^ be a two dimensional oriented Euclidean real vector bundle with two 

Euclidean connections vf , Vq, then we have 

1) {CS'$l(V™, V^, Vf,r)}(^'=-^) is a modular form of weight 2k overTo{2); 
{C5$vF(V™,V^,Vf,r)}(^'=-i) is a modular form of weight 2k over r^{2); 
{CS'$'^;f.(V^^,V^,Vf,r)}(^'=-i) is a modular form of weight 2k overT0{2). 

2) The following equalities hold, 

C5c^.H.(V™, V^, Vi r) = C75$V(V™, V^, Vf , r). 
Proof. By (3. 14), (3. 16) and 



0i{tZ,t) e3{TZ,T) 02{tZ,t] 



(3.27) 



we can get 

{C5$i(V^*^V«,Vf,-^)}(^^-^) = (2r)2'={C5$vK(V™,V™,viT)}(4'=-i), 

(3.28) 

Similarly we can show that 

CS^l{V™, vi Vf, r + 1) = C5$l(V™, vi Vir), 



{c5$w^(v^^^v^,vl,--)} 



(4fc-l) 



(4fe-l) 



CS$w^(V™, V^, vi r + 1) = C75$V(V™, V^, vi r), 

{C5$W(V™,V«,Vf,--)}(^'=-i) = (r)2Hf^5$V(V™,V«o>vir)}(4'=-i), 

r 

C5<I>'v^.(V™, V^, vi r + 1) = C5$H/(V^^, vi vi r). (3.29) 

From (3.28) and (3.29), we can get {(^^^^(V™, Vi Vi r)}(''^-i) is a modular form 
of weight 2k over ro(2). Similarly we can prove that {CS'^>vv'(V™, vi vi r)}(^'=-^) 
is a modular form of weight 2k over rO(2) and {C5<5'^.(V™, vi vi r)}(^'=-i) is a 
modTilar form of weight 2k over rg(2). □ 

Let M be a compact oriented smooth 3-dimensional manifold, we have 

CS*i(V™,vivf,T) 



^|*.(v™,vf..,. 



B 



1 

2^ 







I tr 


H 


/o 





dt 



6 



dt 



1 d f e',{z,r) e',{z,r) Mz,r) \ f\.r.f.iy, 

8^^d-z [e^) + - ^e^i^)) '^=°yo 
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Since ^ + " ^^Tll^) 1^=° ^ modular form of weight 2 over ro(2), 

then it is a scalar multiple of Si (r) . Direct computations show 



+ 



so 



dz \d2{z,T) e^{z,T) eiiz,T) 

d fe',{z,T) ^ 9',{z,t) Mz,t) 



=0 = 27r^ + O(g5), 



dz \d2{z,T) 

By (4.15) in [CH], we have 

C5$L(V^^^V«,Vir) = ^5i(r)tr 
Similarly, we obtain that 



d3iz,T) Ol{z,T)J 



B[Vivi] + -BABAB 



C5^>H^(V^^^V«,Vir) = g^'^2(r)tr [i?[V^,Vl] + '^BABAB 



B[Vivi] + ^B A B A B 



(3.30) 

(3.31) 
(3.32) 



Let M be 11 dimensional and = 3. We have that {C5$l(V™, V^, Vf ,r)}(^i) 
is a modular form of weight 6 over ro(2), {CS'$w^(V'^^, Vq, Vf, r)}^^^^ is a modular 
form of weight 6 over r°(2) and 

{CS^UV^MoM,--)}^''^ = (2r)6{C5$M.(V™,V«,V«,r)}(i^). 

T 

By Lemma 2.2, we have 

{CS^wi^^™, V^, Vf, r)}(ii) = zo(8(52)3 + Zi{8d2)e2, (3.33) 
and by (2.19) and Theorem 3.4, 

{CS$i(V™,V^,Vf,r)}(ii) =26[zo(8(5i)3 + zi(8(5i)£i]. (3.34) 
By comparing the (72-expansion coefficients in (3.33), we get 



A{TM, V™)cos(:P^)tr 
47r 



' B Rf 


^ (11) 


— tan— 




Stt 47r 





(3.35) 



zi 



xtr 



I(rM, V™)cos(^) (3ch(Cc, V^^) - ch(rcM, V"^^^) + 77 
A{TM, 

Jo 



B m 

— tan-i 
Btt 47r 



dt + 



,V™)cos(^)tr 
47r 



35 . rI 
27r 27r 



(3.36) 
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Plugging (3.35) and (3.36) into (3.34) and comparing the constant terms of both 
sides, we obtain that 



Corollary 3.5 The following equality holds 

"1 L(rM,V™^ 



i: 



cos2(^) 

Ml 



tr 







5tan-^ 




47r 





(11) 



= 16V27r I £ A{TM, V™)cos(^) (3ch(^c, Vf^) - ch(rcM, V^^^) + is) 



xtr 



B i?^ 
— tan— 
Stt Att 



dt+ /^l(rM,V™)cos(^)tr 
^0 47r 



3S Rf 

sm— 

27r 27r 



(11) 



dt 



(3.37) 



4 Transgressed forms and modularities on 4/c + 1 dimen- 
sional manifolds 



Let M be a 4 A; + 1 dimensional Riemannian manifold. Set 

oo oo 

01 (TcM + Cc, ?c) = (g) V iTcM + ^c) ® Agm {TcM + - 2^) 

n=l m=l 



(g)A^,^i(ec)®(g)A_^,_i(ec), 



e2(rcM + Cc, ic) = (g) V (TcM + Cc) <8 (g) A_^^_ 1 (TcM + - 2Cc) 

n=l m=l 
oo oo 
(8(g)A^_i(ec)®(g)A,.(^c), 



e3(rcM + Cc, Cc) = V (^cM + Cc) <8) (g) A^„_ 1 (TcM + - 2^c) 

n=l m=l 



(g)A5.(?c)®(g)A_^,_i(ec). 



(4.1) 



Define 



$l(V™,V«,t) = L{TM,V 



sinh(§) 



^eh(e.(T,M + fc,C-))- -^(Q^(^^^^^ + ^^^'^^)) 



$H^(V™,V«,r) = A{TM,V™)-r^{cH@2{TcM + ^c,C^)) 



2sinh(^, 
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-cosh(-)ch(e2(rcM + ^c,^c))j 

iW(V™,V^,r) = A{TM,V™)^-^^{cHQs{TcM + ^c,C')) 

-cosh(|)ch(e3(rcM + Cc,fc))) 



(4.2) 



Through direct computations, we get (cf. [HH]) 



■4fc+l / 2k 



''(0,r) 9i{xj,T)\ e'{0,T) 



^^j-^ '9{xj,t) 0i(o,t) ; e{u,T) 

h{u,r) ei{o,T)9s{u,T)e2{u,Ty 



(0,r) e,iu,T) 63(0, t) 62(0, t) 



2k 



27rA 



T n 



9'(0,r) ^2(x,,r) \ ^'(0, 



[ '0{x,,t) 02(0, r) y f?(7i,r) 

02{u,t) 92iO,T)e3{u,T)e,{u,T) 



92(0, r) 02(ii,T)(?3(O,r) f?i(0,r) 



$Ty(V™,V«,r) 



2k 



27rA 



T n 



?'(0,r) 03(x,,r)\ e'iO,T) 



f^^ '9{xj,t) 03(0, r) / e{u,T) 



( 03{u,t) _ 03(0, r) 02 (^,r) 0i(n,T) 
■U3(0,r) 03(«,T)02(O,r) 0i(O,r) 



(4.3) 



Applying the Chern-Weil theory and Lemma 3.1 again, we can transgress 
about Vtm and define transgressed forms as follows: 
C5$2(V^^,Vr^,V€,T) 



V2 
87r2 



/V^(V™,V«,r)tr 



1 g^(g,r) 0Ug,r) 

pTM rTM "I" dTM 



dt. (4.4) 



which is in ^"'^'^(M, C)[[g^]]. Since M is 4/c+l dimensional, {C5$L(Vg'*^, Vf ^^ V«, r)}(^'=+i) 
represents an element in iJ^*^+^(M, C)[[(/2]]. Similarly, we can define 
CS#;y(V™,V™,V5,T) 



pTAf pTAf 



RTM 

1^ 



+ 



^(%^,r) 02(V'^). 



dt; (4.5) 



1 0'(4^,r) , 0^( 



+ 



dTM pTM I pTAf 



dt. (4.6) 
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Using the same discussions as Theorem 3.2, we obtain 

Theorem 4.1 Let M be a 4k + I dimensional manifold and Vq"^^, V^*^ be two 
connections on TM and ^ be a two dimensional oriented Euclidean real vector bundle 
with a Euclidean connection V^, then we have 

1) {CS^LiVo^, rjj^^'^+i) is a modular form of weight 2k + 2 over To{2); 

{CS^iV]^^, Vj^, V«, r)}(4'=+i) is a modular form of weight 2k + 2 over V^{2)- 
{CS^'^{Vl^\ VP^ V«, r)}(4^+i) is a modular form of weight 2k + 2 over Ve{2). 

2) The following equalities hold, 

r 

C5$H^(V™, V™, V€, r + 1) = CS^{Vl^, V™, V«, r). 

Let M be 9 dimensional and = 2. We have that {CS^Li^l^, ^, r)}^^) 
is a modular form of weight 6 over ro(2), {C5i^(V™, V™, V^, t)}^^^ is a modular 
form of weight 6 over r''(2) and 

{C75$2(V™,Vf^,V«,--)}(9) = (2r)«{C5$^(V™,V™,V«,r)}(9). 



By Lemma 2.2, we have 

{CS^iVl^, V™, V^, r)}(9) = zo{S52f + zi(8,52)£2, 
and by (2.19) and Theorem 4.1, 

By comparing the gi2-expansion coefficients in (4.7), we get 



(4.7) 



(4.8) 



1 A{TM, V 



2sinh( 

-\-L 



-(1 — cosh-)tr 
^ 2' 



A 



9 TfTM ^ R' 



47r 



(9) 



dt 



(4.9) 



^ (1 - cosh-)tr 
^ 2' 



+ 



2sinh(§) 

1 i(TM,VPO 



A . ijp^ 
■sm ^ 



27r 



27r 



2sinh( 



tr 



A 



9 pTM 

^^t STTtan 



47r 



• (^{1 - cosh|)(ch(rcM, Vp^) + 61) + (1 + 2cosh|)(e^ + e'^ - 2)^ dt^^ ■ (4.10) 

Plugging (4.9) and (4.10) into (4.8) and comparing the constant terms of both sides, 
we obtain that 
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Corollary 4.2 The following equality holds 



cosh I 



2RI 



TM 



47rsin-^- 



27r 



(9) 



1 A{TM, V 



TM\ 



+ 



2sinh(f 

1 A{TM, Vj^') 
2sinh(§) 



tr 



-(1 — cosh-)tr 



A 



A . R 



TM 



t:— sm— — 
27r 27r 



dt 



9 T^TM ^ rTM 



(1 - cosh|)(ch(TcM, V^^^"^) - 3) + (1 + 2cosh^)(e" + e 



47r 

2 



(9) 



(4.11) 
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